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Abstract-This paper deals with an unsteady heat-conduction problem in a plate of regular polygonal shape 
using conformal mapping techniques. The classical approach to an exact solution of the Fourier heat 
equation is the separation of variables technique. For more complicated boundaries, e.g. a hexagonal 
plate, it is convenient to transform the given shape onto a unit circle where the boundary conditions can 
be identically satisfied. However, the transformed partial differential equation can only be satisfied 
approximately. Two “weighted-residuals” techniques are used to solve it, and solutions are obtained for 
several polygonal shapes. The method can be extended easily in the case of some doubly connected regions 

of technical importance, e.g. the graphite brick of a gas cooled nuclear reactor. 

NOMENCLATURE 

thermal conductivity ; 
temperature ; 
a two dimensional Laplacian operator; 
time ; 
separation constant ; 
thermal diffusivity ; 
density of the material; 
specific heat of the material ; 
rate of heat generated. 

INTRODUCTION 

AN ANALYTICAL solution of a heat-conduction 
problem must satisfy the Fourier heat equation 
as well as the initial and boundary conditions 
specified. If the boundary of the domain is 
natural to one of the common coordinate 
systems for which the partial differential equa- 
tion can be solved by the classical method of 
separation of variables, the solution may be 
expressed, in general, in terms of known func- 
tions. For more “exotic” boundaries the natural 
system of coordinates must first be determined. 
This is a troublesome but not intractable 
problem. Even with the natural coordinate 
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system known, it is very probable that the 
method of separation of variables would not be 
applicable [ 11. 

As shown in [2] and [3] it is advantageous to 
conformally transform the given shape on to a 
unit circle. Under the transformation, however, 
the governing differential equation becomes 
quite complicated so that an exact solution is 
unlikely. Galerkin’s method and a collocation 
technique are used to solve the transformed 
equation and good agreement is obtained 
between the two criteria. 

The method is also applicable when dealing 
with double connected domains of a compli- 
cated shape, such as are common in solid 
propellant rocket motors, the graphite brick 
of a gas cooled nuclear reactor, etc. 

THEORY 

Two dimensional heat flow in an isotropic 
solid is governed by the equation 

+-(k~)+&(k~)+Q=pc$ (1) 

where, k, thermal conductivity ; 
p, density of the material ; 
c, specific heat of the material ; 
0. rate of heat generated. 
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If the conductivity is constant throughout the 
body and no heat is generated within the solid. 
equation (1) becomes 

where, z’, thermal diffusivity ; 
and V2, two dimensional Laplacian operator. 

By assuming 

T = T,(x,, x2) z(t) 

equation (2) yields : 

;V2Tl =!:= _y_ 
1 XT 

Thus 

V2T, + yT, = 0 (4) 

and 

The solution of equation (5) is simply 

T - exp (- xyt). (6) 

If the given domain is bounded by a complicated 
curve it will be necessary to use, in general. an 
approximate method like finite differences. 
point matching. finite elements, etc., to solve 
the differential system. The conformal mapping 
technique developed in [2] will be used in the 
present study. This method seems to yield 
smoother convergence than other well known 
methods as: finite differences. point matching, 
etc. 

Equation (4) can be 
variable form as 

expressed in complex 

4 a2Tl 
awaw + 

yT, =0 (7) 

where 

w = R eiQ = x1 + ix,. (8) 

The existence of a function w = f’(t) where 
5 = r eie which maps the interior of a unit 
circle in the t-plane onto the interior of the 

arbitrary closed curve r in the wplane is 
guaranteed by Riemann’s theorem. Several 
approximate methods have been developed 
for the determination of the mapping function 
[5] and [6]. By changing variables. equation 
(7) is transformed to: 

where r is the complex conjugate of [. Exact 
solution of (9) seems out of the question. Since 
the transformed region is now a unit circle let us 
form a sum of cylindrical harmonics as an 
approximate solution of equation (9) : 

where J, is the Bessel function of the first kind 
of order n and the &,,‘s are values to be deter- 
mined by the homogeneous boundary condi- 
tions. Since an approximate solution is desired 
it will be profitable to simplify equation (10) 
even further. 

For the case of an initial uniform temperature 
distribution To and a homogeneous boundary 
condition 

T(x,. x2. t) = 0 on r (111 

it is reasonable to expect that isotherms in the 
t-plane will not depart drastically from circles. 
Consequently. the O-dependence in equation 
(11) will be weak so that n = 0 terms will 
predominate. Equation (10) becomes 

T = 2 ~o,Jo(Bo,r) r < 1. (12) 
m=1 

The boundary condition in the r-plane is : 

T(r, 0. t)j,=l = 0. (13) 

This allows for the evaluation of the &,,‘s since 

Jo(Bom) = 0 

so, the porn’s turn out to be the roots of the 
Bessel function of first kind and order zero. 
Substitution from equation (12) into the trans- 
formed differential equation results in an error 



UNSTEADY HEAT CONDUCTION 

expression, s(r, (I), which does not vanish in 
general since equation (12) is not an exact solu- 
tion : 

Here, 

dw2 
fm(r, 0) = Y z I I - B xln (15a) 

Wb) 

By using a suitable technique for minimizing 
the value of the “error function”, &(r, 0), over 
the unit circle, a system of M linear algebraic 
equations in the M unknown constants &,‘s is 
obtained. Such a system can have a non-trivial 
solution only if the determinant of the coefft- 
cients of the unknown vanishes identically. 
From this determinantal equation, the separa- 
tion constants y can be obtained. The actual 
approximate solution of the problem is (con- 
sidering only the terms corresponding to n = 0) : 

T z f A,, Jo(Bomr) exp (- WLA (164 
m=l 

where the &,‘s are given by the Fourier- 
Bessel expansion : 

2% A,, = pom J1(Bo,) = 16019 To; - 1.0648 To; 

0.8514 To ; -0.7295 To; +06487 To. _. . (16b) 

For a doubly connected region like the one 
shown in Fig. 1 one can use a similar approach 
in the case of an initial uniform temperature 
distribution To and homogeneous boundary 
conditions. It is advantageous now to transform 
the given region onto an annulus. The tempera- 
ture distribution is then given by : 

Jo(‘lomrJ - 
Yoh0,rd 

Yo(vomr) 
1 

exp ( - xyd). (17) 

where r 1: inner radius of the annulus. It is 

convenient to take rI = 

Y. is the Bessel function 
zero order and the qO,,,‘s 
secular determinant 
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1. In equation (17) 
of second kind and 
are the roots of the 

Johdl) Xh0,rJ I = 0. (18) 
1 Jo(rlomr2) Yo(v0,r2)I 

SOLUTION OF THE TRANSFORMED 

GOVERNING EQUATION 

The general approach in the method of 
weighted residuals is to assume a trial function 

x2 

0 L XI 

w-plane 

FIG. 1. Cross section of a graphite brick of a gas cooled 
nuclear reactor and its image in the {-plane. 

with arbitrary constants ; these are found by 
requiring that the trial solution satisfy the 
differential equation in some specified approxi- 
mate sense. Two different criteria are used in 
the present study: collocation along arcs and 
Galerkin’s method. 

The criteria of collocation along arcs re- 
quires that the “error function”, s(r, e), inte- 
grated along an arc r = ri be equal to zero for 
M values of ri : 

t .$ri, e) ri dtI = 0 (i = 1,2,3,. . . M) (19) 

where e. depends upon the number of axes of 
symmetry of the configuration (for a square peg 
with a concentric circular hole, 8, = 7t/4 ; for a 
pentagon 0 = x/5, etc.). A homogeneous system 
of equations is obtained in the unknown co- 
efficients. For a non-trivial solution the deter- 
minant of the coefficients of the unknowns must 
vanish. Thus an (M x M) determinantal equa- 
tion is obtained in the separation constants 
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y,‘s. Using this collocation scheme one is able a determinantal equation in the Y,,,‘s is obtained. 
to use the expression defined by equation (12) In the case of a doubly connected region it is 
without great computational effort. convenient to use an expression of the form 

It would be extremely complicated to use 
trial functions involving Bessel functions when 
using Galerkin’s method, since this method 
requires that the error function E(r. 0) be 
orthogonal with respect to each coordinate 
function, i.e. 

T,(r. 0) 1: f Aom(rZm - rfm)(r2m - rgm). (23) 
m=1 

APPLICATIONS 

The method previously discussed will be now 
used in the determination of the temperature 
distribution in several plates of regular poly- 
gonal shape. The approximate mapping function 
which will be used in the calculation of the y’s 
is of the form Jo(Bomr) JoWojr) r dr de = 0 

0’ = 1,2,3. M). 

It is more convenient, therefore, to use a simpler 
type of expansion when using Galerkin’s 
method, i.e. 

T1(rV 0) = jJ1 A,, [l - (~tY7 (20) 

The expression for the “error function” be- 
comes 

.s(r, 6) = f A,, 
[ 
_4m2 +m- 1) 

m=l 

+y,l$f(1 -r21. (21) 

By requiring 

00 1 
j i E(r, 0) (1 - r2j) r dr dO = 0 

o’= 1,2,3,...M) (22) 

w=a f (k+jP 
4 +jp 

j=l 

where a is the apothem of the polygon ; and p is 
the number of axes of symmetry. The coefficients 
have been calculated by the method discussed 
in [7] and are shown in Table 1. 

By using equations (12), (14), (19) and (24) and 
taking M = 5, one obtains five values of the 
separation constant y by the technique of 
collocation along arcs. These values, as well as 
the results obtained by Galerkin’s method are 
shown in Table 2. Results for a square, pentagon, 
hexagon, heptagon and octagon are presented. 

There is very good agreement between exact 
values and those obtained by the collocation 
scheme in the case of a square configuration. 
Galerkin’s method yields extremely high values 
for the last three roots. The collocation scheme 

Table 1. Mapping function coeficients 

Coefficients 

Polygon aI u1+p aI +2p a1+3* aI++ al+5p u1+6p u1+1p u1+sp %+9p 

Square* p=4 1.0800 -0.1080 00450 - 0.0260 0.0174 -0.0127 0.0997 - OGO78 0@064 .- 0.0054 

Pentagon p=5 1.0515 -0.0683 @0256 -0.0140 oGO91 - OGO68 00057 -00054 oGQ69 -0Qo41 

Hexagon p=6 I .0376 -0G484 0.0174 -0~0100 oGo91 - oGO47 

Heptagon I .0279 -0.0351 0.0112 - p=7 0.0055 0.0036 -0.0015 

Octagon - - p=8 1.0220 0.0274 00086 OGO46 OW30 -00022 00017 -00012 oGO13 -0-0007 
~_ 

* The first ten terms of the exact mapping function for the square (using the Schwartz-Christoffel transformation). 
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Table 2. Comparison of values of (y,a*) 

Shape 
Collocation Galerkin’s Exact 
along arcs* method values 

Square 4933 4.935 4935 
25.716 26793 24.674 
63.069 64.152 

118+lo 123.371 
190.99 202.326 

Pentagon 5.221 5.221 
27.405 26.937 
67.273 

125.28 
201.55 

Hexagon 5.368 5.373 
28.238 27.854 
69.356 

128.94 
207.04 

Heptagon 5.471 5.471 
28.805 34798 
70.778 

131.49 
210.97 

Octagon 5.537 5.537 
29.160 35046 
71.656 

133.08 
213.42 

* ri = 0; 0.2; 0.4; 0.6 and @8 

Table 3. T/T, at the center of the square 
Comparison of results 

Time Exact Authors’ 
(h] solution results 

0.1 0.928 0.925 
0.2 0.654 0649 
0.3 0426 0.422 
0.4 0.274 0.271 
0.5 0.176 0.174 
0.6 0.113 0.112 
0.7 DO724 0.0716 
0.8 0.0464 0.0459 
0.9 0.0298 0.0295 
1.0 0.0191 0.0189 

a = 0.707 ft; x = 0.45 ft’/h 

gives, instead, very reasonable results in all 
cases with a minimum amount of labor. 

Substituting the values of y shown in Table 2 
in equation (16a) one obtains approximate 

expressions for the temperature distribution in 
the c-plane and since a one-to-one correspond- 
ence exists between the <- and the wplane the 
temperature variation in the wplane is immedi- 
ately known. Figures 2-4 show T/T, as function 
of time at the center of the plate for regular 
polygons circumscribed in a circle of radius 
R = 1 ft. In the case of a square plate the agree- 
ment between the exact and the approximate 
solution is very good, as demonstrated by Table 
3 (see also [2] and [3]). 

Equation (24) also maps with good accuracy 
[5] a doubly connected region with an outer 
regular polygonal shape and an inner concentric 
circular perforation when the web fraction* is 
considerably smaller than one. The determina- 
tion of the temperature field [equation (17)] is 
then a straightforward application of the 
method. 

Time, h 

FIG. 2. Temperature variation with respect to time at the 
center of the square. 

* The web fraction is defined as the ratio of the diameters 
of the circles circumscribing the inner andouter boundaries. 
If the web fraction is close to unity the determination of the 
mapping function is considerably more difficult since a 
system of coupled integral equations must be solved [6]. 
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0-0~809 t I 
K =0.45ft /h 

0 05 IO 

Time, h 

FIG. 3. Temperature variation with respect to time at the 
center of the pentagon 

( 

u =OB66 ft 
K=0.45ft2/h 

FIG. 4. Temperature variation with respect to time at the 
center of the hexagon. 

CONCLUSIONS 

An approximate solution of a class of un- 
steady-state heat-conduction problems has been 
obtained for plates of regular polygonal shape. 
The same approach can also be applied when 
dealing with some doubly connected domains of 
complicated shape such as the cross section of 
the graphite brick in a gas cooled nuclear 
reactor. The main advantage of the method is 
that, for the same initial and boundary condi- 
tions, the formal procedure and coordinate 
functions involved are the same for any bound- 
ary shape. 
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RCumk-Cet article traite d’un probleme de conduction transitoire de la chaleur dans unc plaque en 
forme de polygone regulier en employant la technique de la representation conforme. La methode classique 
pour arriver a une solution de l’tquation de la chaleur de Fourrier est la technique de la separation des 
variables. 

Pour des limites plus compliqutes, par exemple une plaque hexagonale, il est commode de transformer 
la forme don&e en un cercle unitaire oh les conditions aux limites peuvent &tre satisfaites identiquement. 
Cependant, l’equation aux d&iv&es partielles transformee peut seulement ctre satisfaite d’une facon 
approchee. On emploie deux techniques de “residus ponder&s” pour la resoudre, et l’on obtient des 
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solutions pour plusieurs formes polygonales. La methode peut &tre Ctendue faciliment au cas de certaines 
formes a connexion double et importantes techniquement, par exemple, la brique en graphite dun 

reacteur nuckaire refroidi par gaz. 

Zlsammenfaaaung-Diese Arbeit behandelt ein Problem der instationaren Warmeleitung in einer Platte 
mit regularer polygonaler Berandung, wobei die Methode der konformen Abbildung Verwendung tindet. 
Der klassische Weg zur exakten Losung der Fourierschen Warmeleitungsgleichung erfolgt ilber die 
Methode der Trennung der Variablen. 

Fur kompliziertere Berandungen, z.B. eine hexagonale Platte, empfiehlt es sich, die gegebene Berandung 
auf einen Einheitskreis abzubilden, wo die Randbedingungen identisch erfilllt werden konnen. Die 
transformierten partiellen Differentialgleichungen kiinnen allerdings nur nlherungsweise erfilllt werden. 
Es werden zwei Methoden der “gewogenen Residuen” zu deren Integration herangezogen und Liisungen 
filr mehrere polygonale Berandungen gewonnen. 

Die Methode kann im Falle einiger zweifach zusammenhangender Bereiche leicht erweitert werden. 
Als Beispiel sei der Graphitziegel eines gasgekilhlten Atomreaktors genannt. 

AEEOTB~&)I-B EaHHoil CTaTbe paccMaTpnBaeTcR aanasa o HecTa~uoHapHoi TennonpoBog- 

HOCTH npaBUJIbHOZt MHOrOJ'rOJIbHOt IIJlaCTIlHbI C nOMOIQbl0 MeTOAa KOHI#O~MH~IX oTo6paHce- 

HUB. MeTon paanenemifi nepeniewmx RBJIJ3eTCR KJIaCCWieCKElM MeTOJ(OM TO'lHOrO pemeHnfl 

ypaBHeHIlrr TenJIOnpOBO~HOCTH @ypbe. &I~I 6onee cnom~blx KOH@irypaI@, Hanpnrep, 

meCTHyrOJlbHOt IIJlaCTSiHJS, yAO6HO npeO6paaOBaTb eB Ha BHyTpeHHOCTb eAKHWIHOr0 Kpyra,, 

l-JJe UAeHTWfHO yAOBJleTBOpmOTCH rpaHWIHbie yCJlOBHFl. OAHaKO, MOWHO TOJlbKO np5i6nw 
~eHHOy~OBOeTBOpHTbnpeO6pa~OBaHHOe~K~epeH~~a~bHOeypaBHeHHeB~aCTHnXnpOaaBO~- 

HblX. &IJ3 er0 pemeHWi HCnOJIb3JWTCH ABa MeTOJJa NBaBemeHHbIX pa3HOCTefi,. nOJIyqeHbl 

pemeHIlR AJIJ3 HeCKOJIbKnX MHOrOyrO~bHMKOB. MOH~HO JlerKO npHMeHIlTb 3~0~ MeTOn WH 

CJlysaH HeCKOJlbKHX AByCBlWHbIX o6nacTei3, HanpHMep, rpa@IHTOBblti KIlpnas peaKTopa c 

raa0BbiM 0xnaHcAeHAeM. 


